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Abstract

The magnetic field due to a current flowing in a helical conductor placed inside a

cylindrical hole in iron is investigated.  In order to calculate the contribution of an axially

symmetric iron yoke on helical magnets, the 3-dimensional potential problem is solved.

The obtained results are applied for the helical dipole magnet for RHIC.

1  INTRODUCTION

The contribution of an axially symmetric iron yoke on the helical magnets has been

examined by Caspi [1].  On this potential problem, the boundary condition on the inner

surface of iron set by Caspi seems wrong.  This potential problem is solved with the

corrected boundary condition.

2  FIELD OF A SINGLE HELICAL CURRENT CONDUCTOR

In this paper, the magnetic induction B, the magnetic scalar potential φm and the vector

potential A are defined as follows,

B Am= − ∇ = ∇ ×µ φ                                                                                                       (1)

Similarly, the relation between the magnetic induction B, and the magnetic field intensity

H is defined as follows,

    B H M H H Hm m= + = + = =µ µ χ µ κ µ0 0 01( ) ( )                                                            (2)

where µ is the absolute permeability, χm is the magnetic susceptibility, and κm is the

relative permeability.  



On the case that a single helical current carrying conductor with a pitch length L (=

2π/k) is located at some point (r=b, θ=ϕ) at the z=0 plane, as shown in Figs. 1 and 2, the

magnetic scalar potential φm and the field B due to a single helical current carrying

conductor are written in the following forms, [2]

for r < b,
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Similarly, for r > b,
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Fig. 1.  Schematic view of a single helical coil placed inside a cylindrical hole in iron.
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Fig. 2.  Cross section of a single helical coil placed inside a cylindrical hole in iron (z=0).

3  3-DIMENSIONAL POTENTIAL PROBLEM OF HELICAL MAGNETS

On the case that a single helical current conductor with a pitch length L (= 2π/k) is

located at some point (r=b, θ=0) at the z=0 plane placed inside a cylindrical hole in iron of

µ2 = κmµ0, as shown in Figs. 1 and 2, the general solutions at z=0 for the magnetic scalar

potential φ1 and φ2 of both regions can be written in the following forms with the

unknown constants of An, B0, and Bn,
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The constants may be determined by the use of the boundary conditions on the interface, r

= a, between regions 1 and 2.  On the boundary between the region 1 (µ1 = µ0) and the

region 2 (µ2 = κmµ0), the following conditions must be fulfilled,
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The continuity of the tangential component of H at the boundary r = a is equivalent to the

continuity of φm, while the continuity of the normal component of B demands that
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at r = a.  Then, the above boundary conditions are equivalent with the following condition

for the magnetic scalar potential.
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On the other hand, it seems wrong that the boundary condition on the inner surface of

iron by Caspi is φcoil + φiron =φ1 = constant at r= a.

From the first condition of Eq. (10), the following relations are obtained,

    

kbI nkb K nka A I nka B K nka

B
n n n n n n′ + =
=





( ) ( ) ( ) ( )

0 1
                                                              (11)

Similarly, from the second condition  of Eq. (10), the following relation is obtained,

    kbI nkb K nka A I nka B K nkan n n n m n n′ ′ + ′ = ′( ) ( ) ( ) ( )κ                                                             (12)

As a result, the unknown constants are determined as follows,
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Therefore, the magnetic scalar potential φ1i at z=0 due to the contribution of an axially

symmetric iron yoke on the region 1 is expressed as follows,
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The asymptotic forms for the following terms with the modified Bessel functions and

their derivatives as k → 0 (L →∞) are as follows,[3]
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Then, it can be revealed that the magnetic scalar potential φ1i results the potential due to the

straight image current, as k → 0 (L →∞). [4,5,6]  Similarly, the magnetic scalar potential

φ2 on the region 2 is written as the following form,
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The asymptotic form for the following term as k → 0 (L →∞) are as follows, [3]
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Then, it can also be revealed that the magnetic scalar potential φ2 results the potential of

the 2-dimensional case, as k → 0 (L →∞). [4,5,6]

Finally, on the case that a single helical current carrying conductor with a pitch length L

(= 2π/k) is located at some point (r=b, θ=ϕ) at the z=0 plane, the general form for the



magnetic scalar potential φ1i due to an axially symmetric iron yoke on the region 1 is

expressed as follows,
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The field B can be calculated from the following equation,
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As a result, the field Bi due to the contribution of an axially symmetric iron yoke on the

region 1 is obtained as follows,
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4  FIELD CALCULATION FOR HELICAL DIPOLE PROTOTYPES

4.1  Prototype with the Half-length

The main parameters of the slotted helical dipole prototype with the half-length for

RHIC are listed in Table 1 of reference [2].  The cross section of the slotted helical dipole

prototype with the half-length for RHIC is shown in Fig. 12 of reference [2].  

The analytically and numerically calculated and measured results of the multipoles for a

single current of 200 A are listed in Table 1, together with the newly calculated results.

Table 1 is revised from Table 2 of reference [2].  The measured data is the results by the

rotating coil of the tangential winding.  On the previous calculation, the contribution of an

axially symmetric iron yoke or the effect of the iron yoke is approximately calculated with



the simple assumption that the helical image current is the same with the case of the

straight current for the position (or radius) and the intensity of the image current.  This

calculated results are referred as the old analytical calculation (old analytical) in Table 1.

The contribution of an axially symmetric iron yoke is newly calculated, using Eq. (22),

based on the rigorous treatment of the potential problem, while the contribution of the

helical coil is calculated, using Eq. (4) similarly with the previous calculation.  The

agreement with the numerical calculation by TOSCA and the measured result is greatly

improved, as shown in Table 1.  This newly calculated results are referred as the new

analytical calculation (new analytical) in Table 1.  In this new calculation, the relative

permeability of iron yoke is also assumed to be infinite, and the length of the magnet is

also infinite.  The helical dipole reference field B̃ref , the helical normal and skew multipole

coefficients b̃n  and ãn are defined by the following equations,
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where r0 is the reference radius of 31 mm.      
˜

,Bref coil  is the contribution due to the helical

coil for the helical dipole reference field.

The comparison among the new analytical calculation with the linear current dependence

(solid), the old analytical (dashing), and measured results by rotating coils (line with dots)

for the current dependence of the helical dipole reference field B̃ref  is shown in Fig. 3.

The measured data contains the results by three rotating coils, dipole #1, dipole #2, and

tangential windings.  The difference among the results of the helical dipole reference field

B̃ref  by three rotating coils is not large, as shown in Fig. 3.  Contour plot of the vertical

field component, By, derived (or synthesized) from the new analytical calculation up to

18-pole at I = 200 A listed in Table 1, is revised, as shown in Fig. 4, instead of Fig. 13

of reference [2].  The difference between both the new and old contour plots looks quite

small, resulting from the small difference between 2 calculated results for the helical

normal multipole coefficients b̃n .



Table 1.  Helical multipole coefficients (10-4) for the half-length helical dipole prototype,

at I = 200 A.

n Pole b̃n

(old analytical)

b̃n

(new analytical)

b̃n

(TOSCA)

b̃n                    ãn

(measured)

B̃ref  (T) 2.81 2.72 2.71 2.72

    
˜

,Bref coil  (T) 1.75 1.75 - -

2 quadrupole 1.2 - 0.41

3 sextupole - 49.3 - 50.8 - 52.4 - 63.2 - 0.26

4 octupole 2.3 0.03

5 decapole 5.5 5.7 6.0 9.7 2.4

6 dodecapole - 0.54 - 1.2

7 14 - pole 0.29 0.29 0.29 3.3 7.3

8 16 - pole 0.51 - 4.0

9 18 - pole - 7.6 - 7.8 - 7.8 - 19.7 1.6

10 20 - pole 20.5 6.9
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Fig. 3.  Comparison among the new analytical linear calculation (solid), the old analytical

(dashing), and measured results by rotating coils (line with dots) for the current

dependence of the helical dipole reference field B̃ref .



-30 -20 -10 0 10 20 30
x (mm)

-30

-20

-10

0

10

20

30

y
(
m
m
)

Fig. 4.  Contour plot of By at I = 200 A (new analytical calculation).

4.2  Prototype with the Full-length

The magnetic field of the slotted helical dipole prototype with the full-length for RHIC

is also analytically recalculated, using Eq. (22) for the contribution of an axially

symmetric iron yoke.  The cross section of the slotted helical dipole prototype with the

full-length for RHIC is shown in Fig. 5 of reference [7].  Contour plot of the vertical field

component, By, derived (or synthesized) from the new analytical calculation up to 18-pole

at I = 300 A listed in Table 2, is revised, as shown in Fig. 5 instead of Fig. 6 of reference

[7].  The difference between both the new and old contour plots looks also quite small.

Table 2.  Helical multipole coefficients (10-4) for the full-length helical dipole.

n Pole b̃n

(old analytical)

b̃n

(new analytical)

b̃n

(TOSCA)

b̃n

(TOSCA)

Current (A) 300 (87) 300 (87) 300 87

B̃ref  (T) 4.15 (1.20) 4.03 (1.17) 3.88 1.19

    
˜

,Bref coil  (T) 2.60 (0.754) 2.60 (0.754) - -

3 sextupole 6.2 6.2 3.7 6.0

5 decapole - 0.34 - 0.34 - 2.6 0.40

7 14 - pole - 0.84 - 0.86 - 1.0 - 0.32

9 18 - pole - 7.4 - 7.6 - 8.1 - 7.1
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Fig. 5. Contour plot of By at I = 300 A (new analytical calculation).

5  CONCLUSION

For the analytical field calculation for the helical magnets with an axially symmetric iron

yoke, the 3-dimensoinal potential problem for the case that a helical current carrying

conductor is placed inside a cylindrical hole in iron is solved.  The obtained results are

applied for the slotted helical dipole prototype with the half-length and full-length for

RHIC, with good agreement among the other numerical calculations and measured

results.
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